Abstract : In this paper we develop an H m -conforming (m ≥ 1) spectral element method on multi-dimensional domain associated with the partition into multidimensional rectangles. We construct a set of basis functions on the interval [−1, 1] that is made up of the generalized Jacobi polynomials (GJPs) and the nodal basis functions. So the basis functions on multi-dimensional rectangles consist of the tensorial product of the basis functions on the interval [−1, 1]. Then we construct the spectral element interpolation operator and prove the associated interpolation error estimates. Finally we apply the H 2 -conforming spectral element method to the Helmholtz transmission eigenvalues that is a hot topic in the field engineering and mathematics.
Introduction
Spectral method is an efficient method in scientific and engineering computations which can provide superior accuracy for the solution of partial differential equations in fluid dynamics [1, 2] . But spectral method lacks the domain flexibility. So the spectral element method is developed to overcome this defect. Up to now the spectral element method have attracted more and more scholars's attention. Guo and Jia [3] studied the quadrilateral spectral method and extended it to H 1 -conforming spectral element method for polygons. Shen et al. [4] provided an H 1 -conforming spectral element method by constructing directly the modal basis functions on the triangle while Samson et al. [5] builds a new H 1 -conforming spectral element method using the basis on the triangle by ( x) ( x ∈ I := [−1, 1], α, β > −1) weighted with w α,β ( x) := (1 − x) α (1 + x) β are usually adopted to form the modal basis functions in spectral method and spectral element method. Shen et al. [1] extend these polynomials to the generalized case, namely the GJPs for α, β ∈ R. It is worth indicating an important property of GJPs that they together with their first few order derivatives vanish at the endpoints ±1. So Shen et al. use them as a set of basis functions in H m 0 (I) (m ≥ 1) as well as apply them to the general order PDEs. Using the GJPs one can easily construct the tensional basis functions in H m 0 for spectral method on multi-dimensional rectangle. Canuto et al. mentioned in section 8.5 of the book [2] a type of modal boundary-adapted basis functions on [-1,1]. They consist of the modal basis, viewed as a compact combination of Legendre polynomials, and the nodal basis (without derivatives) at ±1 so that one can easily establish H 1 -conforming spectral element approximation. Note that these modal bases are no other than the GJPs J −1,−1 i ( x). Using the similar way Yu and Guo [6] developed an H 2 -conforming spectral element method with rectangular partition coupled with an error analysis. This motivates us to extend this situation to H m -conforming spectral elements on multi-dimensional domain.
In this paper, we aim to develop an H m -conforming spectral element method on multi-dimensional domain which is the same as the one in [6] for the case m = 2 in two dimension. We construct a set of basis functions on the interval [−1, 1] that is made up of GJPs, which is regarded as the bubble functions, and the nodal basis functions. So the basis functions on multi-dimensional rectangular element consist of the tensorial product of the basis functions on the interval [−1, 1] by an affine mapping. Then we construct the spectral element interpolation operator and prove the associated interpolation error estimates. Finally we shall apply the H 2 -conforming spectral element method presented in this paper to the Helmholtz transmission eigenvalue problem that is a quadratic eigenvalue problem arising in inverse scattering theory for an inhomogeneous medium [7, 8] . In recent years, the numerical methods of the transmission eigenvalue problem are hot topics in the field of engineering and computational mathematics (see [9, 10, 11, 12, 13, 14, 15] ). Among them [10] studied the spectral methods on the rectangle. But to our knowledge the above works do not involve spectral element method with d-dimensional rectangular partition (d = 2, 3). In this paper we adopt the H 2 -conforming method builded in [15] to construct a spectral element approximation for transmission eigenvalues. Our theoretical analysis and numerical results show that the H 2 -conforming spectral element method can obtain the transmission eigenvalues of high accuracy numerically. 2 An H m -conforming spectral element method
In this section, we shall discuss an H m -conforming spectral element method on d-dimensional domain D (d ≥ 1). We associate D with a sequence of rectangular partitions {π h } h>0 into elements κ. First of all, we consider the construction of the bases on one-dimensional standard interval I = [−1, 1] containing nodal bases and modal bases. Before presentation, we use the notation P N (K) to denote the polynomial space of degree ≤ N in each variable on K.
One need to construct 2m nodal basis functions φ j ( x) (j = 0, · · · , 2m − 1)
for the polynomial space P 2m−1 (I) satisfying
Then we shall construct the modal bases on I which are actually the polynomial bubble functions on I. Let J α,β j ( x) be the Jacobi polynomials which are orthogonal with respect to the weight function ω α,β (
where γ
. The GJPs are defined by
where j ≥ j 0 with j 0 = −(α + β), −α, −β for the above three cases, respectively. Here we fix α = β = −m then the GJPs { J
An attractive property of GJPs is that
In addition, GJPs can be represented as a compact combination of Legendre polynomials (see Lemma 6.1 in [1] and Remark 1) which is convenient for computations. So we adopt them to set the bubble functions on I
is a set of basis functions of P 0
constitutes a set of basis functions of P N (I). Next we consider the case of an arbitrary interval [a, b] . We define
in terms with the linear transformation
constitutes a set of basis functions of P N ([a, b]). Now we consider the bases for the arbitrary element κ :
A natural choice of the bases on κ is the tensor product of onedimensional basis functions. We define the linear transformation:
Based on the previous discussion for one dimension, one can
⊂ P N (κ) as a set of basis functions for the element κ. For reading conveniently, we classify these basis functions on κ as follows:
Nodal basis functions:
Element bubble basis functions:
One can easily verify the H m -conformity for basis functions between the adjacent element κ 1 and κ 2 . We consider only the case that κ 1 and κ 2 share the common
For
Therefore, the bases
In what follows, we mainly introduce some interpolation operators that will be used in the argument afterwards.
Introduce the interpolation operator Π
and the orthogonal projector Π
where I is the identity operator.
Define the function v(x i ) = v( x i ) and
It is obvious that (I
Let H s (K) be a Sobolev space with norm · s,K for a given K ⊆ D and we shall omit the subscript K if K = D. Hereafter in this paper, we use the symbols x y to mean x ≤ Cy for a constant C that is independent of the mesh size and the degree of piecewise polynomial space and may be different at different occurrences. Now we start with the one-dimensional interpolation error estimates.
Proof. We consider only the case of the integers s and t since the left case can be derived by the operator interpolation theory. From Theorem 6.
.
This concludes the proof.
One can easily verify that (
Proof. Similar to Lemma 2.1 we only consider the case when both s and t are integers. Let d nonnegative integers
We obtain from Lemma 2.1 that
where I is the identity operator. Hence by the triangular inequality
Repeating the above argument we get
This ends this proof.
In the end, we introduce the spectral element space
We define the spectral element interpolation operator I N,h :
Using the scaling argument, we can easily derive the interpolation error estimate on the element κ and the entire domain D.
Lemma 2.3. For any v ∈ H t (κ) with md ≤ t ≤ N + 1
Remark 1. We consider the special case m = 2. The nodal basis functions with respective to the endpoint -1 are respectively:
Meanwhile, the nodal basis functions with respective to the endpoint 1 are respectively:
One can easily verify that φ 0 (−1) = 1, φ 
Remark 2. One may set different polynomial degrees for each element. Figure 1 shows three element κ 1 − κ 3 and the tensorial basis functions of P 4 (κ 1 ) on κ 1 . If one wants to decrease the polynomial degrees to 3 on κ 1 and κ 2 , one should delete the basis functions φ 4 (x 1 )φ 4 (x 2 ) on both κ 1 and κ 2 , φ 2 (x 1 )φ 4 (x 2 ) and φ 3 (x 1 )φ 4 (x 2 ) on the common edge of κ 1 and κ 2 . Remark 3. The H m -conforming spectral elements can deal with the problem with mixed boundary condition on multi-dimensional domain due to adopting the nodal basis functions at the endpoint ±1. Though we restrict our attention to the spectral method on rectangular domain, it can be extended to spectral method on non-rectangular domains like the way as in [3] . Likewise the mesh adopted by the spectral element method can be improved for approximating general domains better.
H 2 -conforming spectral elements for transmission eigenvalues
In this section, we aim to apply the H 2 -conforming spectral elements in the last section to the transmission eigenvalue problem.
Consider the Helmholtz transmission eigenvalue problem:
where
is an open bounded simply connected inhomogeneous medium, ν is the unit outward normal to ∂D.
The eigenvalue problem (3.1)-(3.4) can be stated as the classical weak formulation below (see, e.g., [16, 7, 9] 
where (·, ·) 0 is the inner product of L 2 (D). As usual, we define λ = k 2 as the transmission eigenvalue in this paper. We suppose that the index of refraction n ∈ L ∞ (D) is a real valued function such that n − 1 is strictly positive (strictly negative) almost everywhere in D.
Although the problem (3.5) is a quadratic eigenvalue problem, it can be linearized by introducing some variables. Using the linearized way in [15] , we introduce w = λu, then the problem (3.5) is equivalent to the following linear weak formulation:
We introduce the following sesquilinear forms
then (3.5) can be rewritten as the following problem: Find λ ∈ C, nontrivial (u, w) ∈ H such that
Let norm · A be induced by the inner product A(·, ·), then it is clear · A is equivalent to · 2,D in H.
One can easily verify that for any given (f, g) ∈ H 1 , B((f, g), (v, z)) is a continuous linear form on H 1 :
Consider the dual problem of (3.8): Find λ * ∈ C, nontrivial (u * , w
In order to discretize the space H, we need finite element spaces to discretize
here we can construct the spectral element space S N,h 0
. The conforming spectral element approximation of (3 .8) is given by the following:
According to Theorem 2.4, we know the following error estimates hold for spectral element space. For any
To give the error of eigenfunction (u N,h , w N,h ) in the norm · 1,D we need the following regularity assumption:
where r 1 ∈ (0, 1], C p denotes the prior constant dependent on the equation and D but independent of the right-hand side ̺ of the equation. It is easy to know that (3.12) is valid with r 1 = 1 when n and ∂D are appropriately smooth. When D ⊂ R 2 is a convex polygon, from Theorem 2 in [17] we can get r 1 = 1 if n ∈ W 2,p (D). In this paper, let λ be an eigenvalue of (3.8) with the ascent α. Let M (λ) and M (λ N,h ) be the space spanned by all generalized eigenfunctions corresponding respectively to the eigenvalues λ and λ N,h . As for the dual problem (3.10), the definitions of M * (λ * ) are made similarly to M (λ). In what follows, to characterize the approximation of the finite element space H N,h to M (λ) and M * (λ * ), we introduce the following quantities
Using the spectral approximation theory [18, 19] , the literature [15] established the following a priori error estimates for the finite element approximation (3.11). According to [15] , the following a priori error estimates are valid for the spectral elements, as well as for the spectral method as a special case. 
14)
Numerical Experiment
In this section, we will report some numerical experiments for solving the transmission eigenvalue problem (3.8) by the H 2 conforming spectral element method (SEM) on non-rectangular domain or by the spectral method (SM) on rectangular domain. Notice that the spectral scheme in [10] is based on the iterative method in [12] , which is different from the one in this paper. An obvious feature of the method in [10] is using an estimated eigenvalue to initialize the iterative procedure. We consider the case when D is the unit square or the L-shaped domain in d-dimension (d = 2, 3) and the index of refraction n = 16, f 1 (x), f 2 (x) with f 1 (x) = 8 + x 1 − x 2 , f 2 (x) = 4 + e x1+x2 . We use uniform rectangular refinement to obtain some partitions of D. Accordingly some numerical eigenvalues on the unit squares and the L-shaped are listed in Tables 1-5 . We also depict the profiles of some eigenfunctions on the L-shaped domains with n = 16 (see Figure 2) .
We use Matlab 2012a to solve (3.11) by the sparse solver eigs on a Lenovo G480 PC with 4G memory. For reading conveniently, we denote by k j = λ j and k j,h = λ j,h the jth eigenvalue and the jth numerical eigenvalue obtained on the space H h . Tables 1 and 3 show that the numerical eigenvalues obtained by SM on the unit square in both two and three dimensions with different n own superior accuracy; more precisely, they achieve about eight-digit accuracy with N = 15. Whereas the numerical eigenvalues obtained by SEM on the two L-shaped domains (see Tables 2, 4 -5) do not have such accuracy. This phenomenon is due to the eigenfunctions on the unit square are often smooth whereas those on the L-shaped domains have the singularities at the L-corner point (see Figure 2 ). 
